Introduction
For the notations used in this introduction we refer to Section 2. The aim of this paper is to give a proof of Theorem 1.1. There is a function g : Z → Z such that for every prime number p and every k ∈ Z >0 there exist infinitely many pairs (E, K), with K a number field of degree at most g(p) and E/K an elliptic curve, such that
A direct consequence is: Corollary 1.2. For every prime number p and every k ∈ Z >0 there exist infinitely many nonisomorphic abelian varieties A/Q, with dim A ≤ g(p) and A is simple over Q, such that
In fact, a rough estimate using the present proof reveals that g(p) = O(p 4 ), for p → ∞. For p ∈ {2, 3, 5}, it is known that the group X(E/Q)[p] can be arbitrarily large. (See [Böl75] , [Cas64] , [Fis01] and [Kr83] .) So we may assume that p > 5, in fact, our proof only uses p > 3.
The proof is based on combining the strategy used in [Fis01] to prove that dim F5 X(E/Q)[5] can be arbitrarily large and the strategy used in [KlSc03] to prove that dim Fp S p (E/K) can be arbitrarily large, where E and K vary, but [K : Q] is bounded by a function depending on p of type O(p).
In [KlSc03] the strategy was to find a field K, such that [K : Q] is small and a point P ∈ X 0 (p)(K) such that P reduces to one cusp for many primes p and reduces to the other cusp for very few primes p. Then to P we can associate an elliptic curve E/K such that an application of a Theorem of Cassels ([Cas65] ) shows that S p (E/K) gets large. The strategy of [Fis01] can be described as follows. Suppose K is a field with class number 1. Suppose E/K has a K-rational point of order p, with p > 3 a prime number. Let ϕ : E → E ′ be the isogeny obtained by dividing out the point of order p. Then one can define a matrix M , such that the ϕ-Selmer group is isomorphic to the kernel of multiplication on the left by M , while thê ϕ-Selmer group is isomorphic to the kernel of multiplication on the right by M . One can then show that the rank of E(K) and of E ′ (K) is bounded by the number of split multiplicative primes minus twice the rank of M minus 1.
Moreover, one can prove that if the matrix M is far from being square, then the dimension of the p-Selmer group of one of the two isogenous curves is large. If one has an elliptic curve with two rational torsion points of order p and q respectively, one can hope that for one isogeny the associated matrix has high rank, while for the other isogeny the matrix is far from being square. Fisher uses points on X(5) to find elliptic curves E/Q with two isogenies, one such that the associated matrix has large rank, and the other such that the 5-Selmer group is large.
We generalize this idea to number fields, without the class number 1 condition. To do this we express the Selmer group attached to the isogeny as the kernel of the multiplication on the left by some matrix M . In general, the matrix for the dual isogeny turns out to be different from the transpose of M . The organization of this paper is as follows: In Section 2 we prove several lower and upper bounds for the size of ϕ-Selmer groups, where ϕ is an isogeny with kernel generated by a rational point of prime order at least 5. In Section 3 we use the modular curve X(p) and the estimates from Section 2 to prove Theorem 1.1.
Selmer groups
Suppose K is a number field, E/K is an elliptic curve and ϕ :
) be the first cohomology group of the Galois module E[ϕ].
Definition 2.1. The ϕ-Selmer group of E/K is
and the Tate-Shafarevich group of E/K is
Notation 2.2. For the rest of this section fix a prime number p > 3, a number field K such that ζ p ∈ K and an elliptic curve E/K such that there is a non-trivial point P ∈ E(K) of order p. Let ϕ : E → E ′ be the isogeny obtained by dividing out P . To ϕ we associate three sets of primes. Let S 1 (ϕ) be the set of split multiplicative primes, not lying above p, such that P is not in the kernel of reduction. Let S 2 (ϕ) be the set of split multiplicative primes, not lying above p, such that P is in the kernel of reduction. Let S 3 (ϕ) be the set of primes above p.
Suppose S is a finite sets of finite primes. Let
Let C K denote the class group of K.
Note that S 1 (φ) = S 2 (ϕ) and S 2 (φ) = S 1 (ϕ).
Proposition 2.3. We have
Proof. Note that if p divides the Tamagawa number c E,p then the reduction at p is split multiplicative. If this is the case then c E,p /c E ′ ,p = 1. This combined with dim Proposition 2.4. We have
for any field L of characteristic different from p, and Proposition 2.3.
Definition 2.5. Let S 1 and S 2 be two disjoint finite sets of finite primes of K, such that none of the primes in these sets divides (p).
Let
be the F p -linear map induced by inclusion. Let m(S 1 , S 2 ) be the rank of T . In the special case of an isogeny ϕ : E → E ′ with associated sets S 1 (ϕ) and S 2 (ϕ) as above we write m(ϕ) := m(S 1 (ϕ), S 2 (ϕ)).
Note that K does not admit any real embedding. So
for any set of finite primes S.
Proposition 2.6. We have
Proof. Using Proposition 2.4 twice we obtain
Lemma 2.7. We have
which proves the Lemma.
By a theorem of Cassels we can compute the difference of dim S ϕ (E/K) and dim Sφ(E ′ /K). We do not need the precise difference, but only an estimate, namely Lemma 2.8. There is an integer t, with |t| ≤ 2[K : Q] + 1 such that
Proof. This follows from [Cas65] and [KlSc03, Proposition 3].
Lemma 2.9.
Proof. We may assume that #S 1 ≥ #S 2 . From Proposition 2.6 we know
From this inequality and Lemma 2.8 we obtain that
Summing both inequalities gives the Lemma.
Lemma 2.10.
Proof. This follows from the exact sequence
(See [ScSt01, Lemma 9.1].)
Lemma 2.11. Let ψ : E 1 → E 2 be some isogeny obtained by dividing out a K-rational point of order p, with E 1 an elliptic curve in the K-isogeny network of E. Then
Proof. Use Lemma 2.7 for the isogeny ψ to obtain the bound for the rank of E(K). Then combine this with Lemma 2.9 and Lemma 2.10 and use that #S 1 (ϕ) + #S 2 (ϕ) = #S 1 (ψ) + #S 2 (ψ).
Modular curves
In this section we prove Theorem 1.1. The following result will be used in the proof of Theorem 1.1. Suppose that for every prime ℓ, there exists a y ∈ Z/ℓZ such that f (y) ≡ 0 mod ℓ. Then there exists a constant n depending on the degree of f and the degree of its irreducible factors such that there exist infinitely many primes ℓ, such that f (ℓ) has at most n prime factors. Moreover, there exist δ > 0, d ∈ Z, such that #{y ∈ Z | 0 ≤ y ≤ x and the number of prime factors of f (y) ≤ n} ≤ δ x
Notation 3.2. Denote X(p)/Q the curve parameterizing triples (E, Q 1 , Q 2 ) with {Q 1 , Q 2 } an ordered basis for E [p] .
By the work of Vélu (see [Vélu78] , [Fis00, Chapter 4]) there exists cusps of X(p) defined over Q. Fix a cusp T 0 ∈ X p (Q). Let R 1 ∈ X 0 (p) be the unramified cusp, let R 2 ∈ X 0 (p) be the ramified cusp.
Letπ i : X(p) → X 0 (p) be the morphisms obtained by mapping (E, Q 1 , Q 2 ) to (E, Q i ). Let π i : X(p) → X 0 (p) be eitherπ i orπ i composed with the Atkin-Lehner involution on X 0 (p), such that π i (T 0 ) = R 1 .
Let P ∈ X(p) a point, not a cusp. Denote ϕ P,i the morphism corresponding to π i (P ).
Note that the maps π i are defined over Q.
Definition 3.3. Let T be a cusp of X(p). We say that T is of type (δ, ǫ) ∈ {1, 2} 2 if π 1 (T ) = R δ and π 2 (T ) = R ǫ .
Note that being of type (δ, ǫ) is invariant under the action of the absolute Galois group of Q. For all points P ∈ X(p)(Q) and all primes p ∤ (p) of Q such that P ≡ T mod p implies that p ∈ S δ (ϕ P,1 ) and p ∈ S ǫ (ϕ P,2 ).
Proof of Theorem 1.1. Fix a component Y of X(p)/Q(ζ p ). Fix a (possibly singular) model C 1 for Y in P 2 , such that the line X = 0 intersects C 1 only in cusps of type (1, 1) and no other point, all x-coordinates of other the cusps are distinct and finite, if two x-coordinates of cusps are conjugate under Gal(Q(ζ p )/Q), then the type of these cusps coincide and all y-coordinates of the cusps are finite. Let C = ∪ σ∈Gal(Q(ζp)/Q) C σ 1 . Then C/Q is a model for X(p). Denote h the defining polynomial of C. Let f δ,ǫ ∈ Z[X] be the radical polynomial with as roots all x-coordinates of the cusps of type (δ, ǫ) of X(p) and content 1. After a transformation of the form x → cx, we may assume that f 1,2 (0)f 2,2 (0) = 1 and f 1,2 f 2,2 ∈ Z[X]. Let n denote the constant of Theorem 3.1 for the polynomial f 1,2 f 2,2 . Note that the discriminant of f 1,1 f 1,2 f 2,1 f 2,2 is non-zero.
Let B consist of p, all primes ℓ dividing the leading coefficient or the discriminant of f 1,1 f 1,2 f 2,1 f 2,2 , all primes ℓ smaller then the degree of f 1,2 f 2,2 and all primes dividing the leading coefficient of res(h, f 2,1 , x).
Let P 2 be the set of primes not in B such that every irreducible factor of f 2,1 (x)(x p − 1) mod ℓ and every irreducible factor of res(h, f 2,1 , x) mod ℓ has degree 1. Note that by Frobenius' Theorem ([StLe96]) the set P 2 is infinite. The condition mentioned here, implies that if we take a triple (x 0 , ℓ, x 0 ) with x 0 ∈ Z, the prime ℓ ∈ P 2 divides f 2,1 (x 0 ) and y 0 is a zero of h(x 0 , y) then every prime q of Q(ζ p , y 0 ) over ℓ satisfies f (q/ℓ) = 1.
Fix S 1 and S 2 two sets of primes, such that
S 1 ∩ B = ∅ and S 2 ⊂ P 2 . (The existence of such sets follows from Dirichlet's theorem on primes in arithmetic progression and the fact that ℓ ∈ S 2 implies ℓ ≡ 1 mod p.)
Lemma 3.4. There exists an x 0 ∈ Z such that • x 0 ≡ 0 mod ℓ, for all primes ℓ smaller then the degree of f 1,2 f 2,2 and all ℓ dividing the leading coefficient of f 1,2 f 2,2 .
• x 0 ≡ 0 mod ℓ, for all ℓ ∈ S 1 , • f 2,1 (x 0 ) ≡ 0 mod ℓ, for all ℓ ∈ S 2 , • f 1,2 (x 0 )f 2,2 (x 0 ) has at most n prime divisors.
• h(x 0 , y) is irreducible.
Proof. The existence of such an x 0 can be proven as follows. Take an a ∈ Z satisfying the above three congruence relations. Take b to be the product of all primes mentioned in the above congruence relations. Definef (Z) = f 1,2 (a + bZ)f 2,2 (a + bZ). We claim that the content off is one. Suppose ℓ divides this content. Then ℓ divides the leading coefficient off . From this one deduces that ℓ divides b. We distinguish several cases:
• If ℓ ∈ S i then f i,2 (a) ≡ 0 mod ℓ and ℓ does not divide the discriminant of the product of the f δ,ǫ , so we havef (0) ≡ f 1,2 (a)f 2,2 (a) ≡ 0 mod ℓ.
So for all primes ℓ dividing b we have thatf ≡ 0 mod ℓ. This proves the claim on the content of f .
Suppose ℓ is a prime smaller then the degree off , thenf (0) ≡ 1 mod ℓ. If ℓ is different from these primes, then there is a coefficient off which is not divisible by ℓ and the degree off is smaller then ℓ. So for every prime ℓ there is an z ℓ ∈ Z withf (z ℓ ) ≡ 0 mod ℓ. From this we deduce that we can apply Theorem 3.1. The constant forf depends only on the degree of the irreducible factors off , hence equals n. The set {x 1 ∈ Z |f (x 1 ) has at most n prime divisors} is not a thin set. So H := {x 1 ∈ Z |f (x 1 ) has at most n prime divisors and h(a + bx 1 , y) is irreducible} is not empty by Hilbert's Irreducibility Theorem [Ser89, Chapter 9].) Fix such an x 1 ∈ H. Let x 0 = a + bx 1 . This proves the claim on the existence of such an x 0 .
Fix an x 0 satisfying the conditions of Lemma 3.4. Adjoin a root y 0 of h(x 0 , y) to Q(ζ p ). Denote the field Q(ζ p , y 0 ) by K 1 . Let P be the point on X(p)(K 1 ) corresponding to (x 0 , y 0 ). Let E/K 1 be the elliptic curve corresponding to P . Let K = K 1 ( c 4 (E)). Then if q is a prime such that E/K q has multiplicative reduction, then E/K q has split multiplicative reduction.
For every prime p of K over ℓ ∈ S 1 we have that P mod q is a cusp of type (1, 1). Over every prime ℓ ∈ S 2 there exists a prime q such that P mod q is a cusp of type (2, 1). From our assumptions on x 0 it follows that p does not divide f (q/ℓ). Let T 1 consists of the primes of K lying over the primes in S 1 . Let T 2 be the set of primes q such that q lies over a prime in S 2 and P mod q is a cusp of type (2, 1).
Note that the set of primes of K such that P reduces to a cusp of type ( * , 2) has at most n[K : Q] elements.
We have the following diagram
Kq .
Since p ∤ f (q/ℓ) for all ℓ ∈ S 2 , the arrow in the right column is injective. This implies m(ϕ P,1 /K) ≥ m(T 1 , T 2 ) ≥ m(S 1 , S 2 ) = 2k + 4(n + 3) deg(h)(p − 1) + 2. From this it follows that there is a factor A of R, with dim X(A/Q)[p] ≥ k.
